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The temperature distribution in an unbounded hollow cylinder, a portion of whose inner sur- 

face is asymmetrically heated, is obtained under the assumption that the heating line moves 

at a certain speed toward the cylinder axis. 

Problems involving the determination of the temperature field in axisymmetrically heated cylinders, 

where the heating line moves at a certain speed, have been examined by numerous investigators [i-4]. The 

stresses arising in the cylinder material under the action of the temperature were obtained likewise in [i, 

3]. Not less important is the problem of determining the temperature field and the corresponding Stress 

field in cylinders, only a portion of whose lateral surface is subjected to asymmetric heating, since it is 

heating of this type that is frequently observed in practice in the operation of power systems [5, 6]. 

In the present paper, the temperature distribution in a hollow infinite cylinder is obtained under the 

following assumptions: the cylinder is not heated in the initial state; at a moment of time t, a portion of the 

inner surface defined by the coordinates z < 0 and 31 < q~ < (2~ -7) is heated to a temperature T 0, while 

the portion defined by the coordinates (27r - ~) - ~ -< 7 remains unheated; the heating line moves at a cer- 

tain speed V in the positive direction of the z axis (Fig. i). 

Having expressed the temperature at the surface r = a in the form of a Fourier series where the n-th 

coefficient is denoted by fn, the solution of the heat equation: 

is  sought  in the f o r m  
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T=T(r ,  % z, t ) = ~  T.(r, z, t) cosnq~. 
t t ~  1 

We abstain from examining the value n = 0, since it refers to an axisymmetric temperature distribution, 

which has been thoroughly analyzed in [1-3]. 

Let us introduce the dimensionless coordinates 

r z u t by a 

b ' 
p -  ~ = - = - ,  ~ -  , u = - - ,  ~ = - - .  

b b ~ u b 

(2) 

F o r  d e t e r m i n i n g  the c o e f f i c i e n t s  of s e r i e s  (2), we ob ta in  on the b a s i s  of e q u a l i t y  (1) the fo l lowing  d i f f e r e n t i a l  
e qu at  ion: 

A ~ T ~ -  OT~,  
Ot 

03( ) 1 a(  ) n~( ) 03( ) 
a n ( ) -  ap ~ + o ao 03 + az ~ (3) 
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with the boundary  and init ial  condit ions 

Tn(p, ~, 0 ) = 0 ,  [$~p-~<l;  

Tn( ~, ;, x ) = f n ( ; - - u T ) ;  

OTn + h T  n = O ,  p = l ;  (4) 
Op 

t . ( ; -u '0  =/f", ;<u~, 
(0, ~ > u ~ .  

In o r d e r  to obtain the f o r m  of funct ion T n, we apply to Eq.  (3) the appa ra tu s  of in tegra l  t r a n s f o r m s ,  
name ly :  F o u r i e r  t r a n s f o r m s  with r e s p e c t  to the ~ coord ina te ,  and Lap lace  t r a n s f o r m s  with r e s p e c t  to the 
~- coord ina te .  As a r e su l t ,  we obtain an equat ion and the c o r r e s p o n d i n g  boundary  condi t ions  for  de t e rmin ing  
a funct ion of only the p coord ina te .  

By applying to funct ion T n F o u r i e r  t r a n s f o r m s  with r e s p e c t  to 

T . e x p ( i p ; ) d ;  = if'n, 
1 

V 2~x J 

we obtain for  Eq .  (3): 

o~-T. + 1 o7'. n2~. f ~ r  = o ~  (5) 
O p~ p 0 p p2  Ot 

F o r  the t r a n s f o r m s ,  the boundary  and init ial  condit ions (4) take the f o r m  

~',~(p, p, o ) = o ,  {3~p..<{; 

1 
Tn(13, p, x ) =  .__ 

2 

H e r e ,  as  in [7], it is a s s u m e d  that 

aT.  + h ~ . . = 0 ,  p=l; (6) 
Op 

fn (~ - -  u 7:) exp (ip ~) d ~ = r e 2~x f,~ exp (ipu'Q6.(p). 

1 8 (x) + 1 6_ (x) = y 2niW" 

Now we apply Lap lace  t r a n s f o r m s  to Eq .  (5). This equat ion then takes  the f o r m  

d~V*n _{_ 1 dT*n n=r: (p2 + a) T*n = O, 
d p2 p d p p 2 

w h e r e  

T~ = i "~" exp (--  az) d "l:. 
0 

The boundary  condi t ions  (6) r educe  to the fo rm:  

dT*~ 
+hT*~ = 0 ,  

dp  
p=l; 

(7) 

l f  ~ 8 _ ( p )  fn l ~  Tn(~, p, a) = V ~  S 6-(P)f~exp(ipu--(z)'~d~c = 
o ' a - -  ipu ' 

Equat ion  (7) is the Besse l  equat ion.  Its solut ion is 

T*~ = AI n (~p) + BK~ (.~p), ~ = V' p2 + a .  

We de t e rmine  the coef f ic ien ts  A and B with the aid of the boundary  condi t ions  (8). Then  

T* = ]/'2-~,~ ID(~o). 6,(p) 
" D ( ~ )  a ipu '  

Re (a - -  ipu) ~ O. (8) 

(9) 
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where  

D (xg) = I n (xg) [xK'~ (x) -+- hK~ (x)] - -  K .  (xg) [xI n (X) + hi  n (x)]. 

By using the inve r s ion  t h e o r e m  p r o p o s e d  in [8], we obtain i nve r se  Lap lace  t r a n s f o r m s  
c+i~o 

~ n =  ] f - ~ 6 _ ( p ) ~ n  l.___~ ~ D(~9) exp(az) da. 
2'~i D ( ~ )  a --- iDu 

The in tegrand  is an ana ly t ic  funct ion in any finite po r t i on  of the p lane ,  with the excep t ion  of the points  

a0 = ipu anda k = - -  (o)2 + p~), 

where  co k a r e  the roo t s  of equat ion  

C (%[~) = [(ok Y~ ((ok) + hY,~ (%)1 J~ (%[~) - -  Yn (%~)[%Yn (%)-t- hJ,((oh)], (10) 

k = l ,  2, 3,... 

Then ,  acco rd ing  to Cauehy ' s  t h e o r e m  of r e s i d u e s  [8], we have 

T n = ~ ' 2 - ~ 5 - ( P ) f n  ~ r e s  i D(~p) 
D (~[~) 

k = 0  

Af te r  some  n e c e s s a r y  ca lcu la t ions ,  we obtain 

D 0113) ~=~ F ((ok[~) 

~1 ~ = p~ + ipu, 

exp (a_~) "l 
a - -  tpu ~=%" 

(okexp[--((o~ + p~)*] 
(o~ + p--; ~:i-p~- } ' 

F ((okl3) = (O k [J.  ((okl3) Y~ ((ok) -- Jn (C%) Yn ((o~l'~)] -}- (oki B [Jn ((okl 3) Y'n ((oh) - -  J'n ((ou)Yn ((ok13)] 

+ (h + 1) [Sn ((on) Yn ((On~) --- Jn ((ok~) Y'~ ((oh)] - -  h [Jn (%)  Y'n ((ohm) - -  J'~ ((ok~) Y,~ ((on)]. 

The inverse transform of function Tn(p, ~, T) is obtained by inversion of the Fourier transforms 

T~ (9, ~, ~) = [~ 6 (p) + 1 D (~lP)_ exp (ipu. 0 + 2 c ((o~p) (oh e x p [ -  ( ~  2}- p_~2) ~] 
- ~  , D (~1[~) k=-1 F ((o~) (o~ ~ p~ + ipu exp (ip~) dp. 

Making use  of the wel l -known equal i ty  [7] 

iq~(x) 6(x) = ,~(0), dx 

(11) 

we obtain 

1 EL +f~k~ C((o~p) 
T~(p, ~, z ) =  2-- (okF((o~) exp (-- (o~ ,) + T~ + T~, 

where  

T'n = l--L- fr~ i D 0]P) 
2~ i D (n~) 

e x p [ - - i p  (~ . , u ~ ) l  dp; (12) 

2 f~ C(o~h_______) _) (ok ' 
T = 2hi k=0 F ((okl~) - .  

on ( h 
�9 n + l  

E =  

n + l  

exp [ - -  ((o~ + p~) ,~ - -  ip El 
p (o2 + p2 +. ipu) 

1)-• 1) pn , n + l  

The in tegrand  in (12) is an analy t ic  funct ion 
excep t ion  of the po les  

Po = O, Ph 

dp; 

e v e r y w h e r e  in any finite po r t i on  of the p l a n e , w i t h  the 

= iqhandp_ h = iq_k, 

(13) 

1231 



I I  / /  

/ 1 3(  

.g 

~72 
Li- - - - - -  

I 

Fig.  1. Schemat ic  d rawing  of  the p r o b l e m  of the 
t e m p e r a t u r e  field in an unbounded cy l inde r  with a 
moving  heat ing l ine .  

w h e r e  

q~, = r -4- u2 u > O; q_~ = - -  + < O. 
4 2 4 2 

In the eva lua t ion  of the in tegra l  (12), one mus t  cons ide r  two c a s e s  

1) ~ - - u ~ > 0 ,  2) ~ - - u T < 0 .  
! 

F o r  funct ion T n,  we obtain,  r e s p e c t i v e l y ,  
oo 

k= 1 D (~1[~) P P=vk 

= --  f.E + 2 Z f'~ C (~%p) 
k=l F (%f9 

o~ exp [qu (~ -- u~)] 

q~ - g -  

ca 

T'n = - -  fnE -k 2 ~--a f'~ C (o~p) o)~ exp [q-t, (~ - -  u ~.)1 

k=x F(o~p) V u~ 
q-k ~ + 4 

, (~--u~)<O; 

(~ --u~) >0 .  

In the eva lua t ion  of the in tegra l  (t3), the f r ac t ion  in the in tegrand  can be e x p r e s s e d  in the f o r m  of a s u m 
of c o m m o n  f rac t ions  [2], then 

7"~=f .  ~ ,  C(~ o)kexp(--co~T) { 1 e x p ( q ~ + q ~ )  
,=~ F (c%[3) co~ + q~ 

• erfc qk~/~-+ ~ + r - '~-----Texp(q2-k~4-q-~)erfc q - k v ~ - -  2V~- - -  r 
k " l - - k  

The roo t s  co k of  Eq .  (10) can be de t e rmined  by a method  p r o p o s e d  in [9]. 

N O T A T I O N  

q~, r ,  z a r e  the cy l ind r i ca l  coo rd ina t e s ;  
T o is the t e m p e r a t u r e  of a po r t ion  of the inner  su r f ace  of the cy l inde r ;  
a is the rad ius  of ou te r  su r f a c e  of cy l inder ;  
b is the rad ius  of inner  su r f a c e  of cy l inde r ;  
v is the speed  of  heat ing l ine;  

is the coeff ic ient  of t h e r m a l  dif fusivi ty;  
t is the t ime ;  
5_(x) is Lhe H e i s e n b e r g  de l t a - func t ion ;  
5(x) is the D i r ac  de l t a - func t ion ;  
h is the h e a t - t r a n s f e r  coeff ic ient ;  
In, K n a r e  the Besse l  funct ions of an imag ina ry  va r i ab le  with subsc r ip t  n; 
p ,  eL a r e  the p a r a m e t e r s .  

1232 



1. 

2. 

3. 
4. 

5. 

6. 
7. 
8. 

9. 

L I T E R A T U R E  C I T E D  

G. S. Makar,  in: P rob lems  in Real Solid State Mechanics [in Russian],  No. 3, Naukova Dumka, Kiev 
(1964). 
T. Roznowski, Bull. Acad. Polon. Sci. Serie Sci. Techn., 1, 45 (1fi65). 
T. Nakada and Hashimoto,  Bull. of ISME, 6, 59 (1963). 
H. Carslaw and J.  C. Jaeger ,  Conduction of Heat in Solids [Russian translat ion],  Nauka, Moscow 
(1964). 
N. V. Balashov, Teplo4nergetika,  No. 12 (1966). 
V. G. Orlik, Boiler  and Turbine Construction,  Trudy TsKTI,  No. 47 (1964). 
I. Sneddon, Four ie r  T rans fo rms  [Russian translation],  IL (1955). 
M. A. Lavren t ' ev  and B. V. Shabat, Methods in the Theory of Functions of a Complex Variable [in 
Russian],  Moscow (1965). 
S. I. Durgar 'yan ,  PMM, 30, No. 4 (1966). 

1233 


